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(If, a5 some do, we wrote the arguments of our functions on the left, we would denote
the same composition as f @ ¢ and define it as ((a)f )g. See (18).)

(103 You have seen the compositian of functions before, as for example Jog(1 + x),
which is the composition of the logarithm function g with the function  defined by
the rule f{x) = 1+ x for ali real x > —1. Here is another example: 2 pregram {f) that
acts on the input {a) to produce a value (f (), which is then taken as the input to a
subroutine (g},
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The ckain rule in cateulus tells you how to get the derivative of a compeosition of
functions g of in terma of the derivatives of the functions f and g. In our notation, if
the prime ' denotes derivative, the chain rule is

(gefy=(g'of)-f"
Thus to find (sin® x) we have, forall x & R,
glx) = x*
fix):= sinx,

Then (gof)x} : = glf (x}) = glsinx) = {(sinx} =:sin’ z, The derivatives: g (x).
and f'(x) = cosx. By the chain rule (g’o f)x):= g'(f(x}} = g'(sinz) = 25mr,
multiply these by f'(x) =.cosx to get the result (sin?x)’ = Zsinx cosx. -

10, Composilion of Funclions

Suppose there are two functionsf : X — Y and g : ¥ — Z in which the domain of
£ is the codomain of f. Then we denote the composition of these two Functions as
£0f,a function mapping X to Z defined as follows:

(10.1) Vae X, (gefila) = gtf i)

Q10.1R
x \*J ‘

(16.2}  The notation g © f may seem backward, but it is necessary because we put
the argument of the function on the right-hand side. From the sketch (10.1F) you see
that f is the function we must apply first. From a we go to f (a). From f(2) we go to
£{f (a)). We call this function g 0 f and write

gef:X— 2,

bS5 A
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Let us prove the claim {10.6) of equality between functions. We have just
observed that both have the same domain and codomain, We now must show that

a0n VCC Y.EoN MO = (F og "0).
We can transform the left side of {10.7) into the right side more easily than you
might think;
F3N (O = {2 € X tgof)mEC}
= {xa € X,glfGN € C]
= {meEX, W EFC))
= {maeXeef (G CH}
o= (o (O, QED

b 1 Lgenl o s 21 510
Js b dgL.i_‘:t;A.sr.A',uL;_CgU__,_:}bd_g‘ﬁ.p

LAnS ) slesl by
Yec Y, (sof) (0 = (Fog ™ )(O)
G oS S S Lt w51 sl s s

(3oF)(©) = {wsa € X, (gof)(a) eC}
={ajae X, g(f(a)) e}
= {ﬂ;a e X,f(a)e 'é_‘(c)}
= {u;a eX,a e?"(g”‘(c))}
=(Fog ™))

el sl G sams oLl

Lot sl UL S50y bl s Sl 3 (6 om0 baels
e 80F LS""' L s 5 5H 8 S Gata € *Su‘ ok
' wngde!-"L s
L g SHib 180 5o

Pl 25 )0 S )
(gof) =(g'of).f"

jbulf lk_v-\—].) P...bi)_.‘h (Hln X) Lr_’LI L;lj Lr;'ide

g(\).=f_{_= xeR
f(x) = sinx
realale

(gof )(x) = g(f(x)) = g(sinx) = (sin x)‘f =:sin’ x.

\_’q........n.

g (x)=Yx, f(x)=cosx.

$ o oael 4 ax g b
(g'of)(x) =g’ (f(x) =g'(sinx) = Ysinx

oy dm s () =c0sX s Jools Jluds 0,0l

(sin” X)’ = Ysinx cosx P

Proposilion (10.4) The composition of injections {surjections] is injective [surjec-
tive).! =
The proof, omitted here, is a nice exetcise,

Corollary (105} The composition of bijections is a bijection.
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Proposition (10.6) The inverse of a composition is the composition of the inverses in
reverse order:

Eon” =Frog.
Praof ‘Notice first that this claim makes sense, becsuse (55f) . with the

above choice of notation in (10.1F) for domains and codomains, is a function from
$(Z) to P(X), and § maps P(Z) to F(Y), and 7! maps P(Y) to P(X).
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