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The quadratic function f(x) has the following properties:
(i) 1(0) = c.
(i) Asx— 2 if g > 0, f{x) - +e,
ifeg<0,ffx)» -
(i) If ¢ > 0, then, from Equation (3.1),

dac — b
yra

f(x) =»

The minimum value (dac — b2)/(4a) is attained when x = —b/(2a).
Ifa < 0, then
i(x) & “-"‘i—"z.

The maximum value (4ac — b%)/(4a) is attained when x = -bi(2a).
) () = 0> a[(.r + %)2 + M] =0
bAT b - dac
> (‘ + z) T

4“2
S (r+5) - M2

Sx= .—_?:i:"_“.“_) (3.2)
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3 The quadratic function and quadratic
equations

P35 4253 OY3lao 3 P33 490 wilgi I

3.1 Quadratic functions
The function f(x}, where f(x) ® 2x* + bx + ¢, and g, b, ¢ are constants, a # 0,
is called & quadratic function, or sometimes a quadratic polynomial. From
tlementary algebra

(x +d)¥ = 2+ 2de + 2%

Using this, we write

2 - Bt
ax’+bx+c-a(;3+£x+%)-a[(x+._[’_) 4ac4a2b
2
> ax? +bx+c=g;+i;) m“b o.1)
P3S4 ys mler . T

<ol poliec gb ya 5T 5 <f(x) = ax" + bx + C gb
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=a [x +£] Jc-b (v-Y)
Ya fa



1A

() If 6* = dac, the curve y = E(x) touches the x-axis, since the equation
f(x)-= 0 then has two equal roots at x = ~b/(2a).

lbx)}:’ujfy: f(X) e (A=°) b"= Facfl(")

b s ales 225 45 bbb f(X) =0 Yolaw Jl> ol s s les

spdal g X = 3
B Reals o va 3B
‘ r
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b>0 / R
b<O \ b0
&/l O —biZa x
b udee, 8>0 b7 =dac, 2 <0
(aft) (<)
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(3) If 8* < dac, the equation f(x} = 0 has no real roots.
{We have seen above that when & < 0, there are no real roots of the equation
f(x) = 0. Io such a situation there are always two complex roots. If we define i
to be such that ¢ = -1, then, from formula (3.2),

- 5. ]

=b + V(- 1)(4«-_&*)___¢_\/(4ac
2a 2"

x =

i 4, (X)) =0 Usbu « (A<) bY < Fac Si(r)
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S e it f(X) =0 Bl A< Jf"‘fr‘-“i’:c:‘éf
iy s Bl 3 g g Bliis R85 930 )) god Cans ) o
BTN g p sl ol it = =) o=

_ —b:i:\J (-V)(fac-b") -b, I (fac—b‘)
Ya ’ra Ya
b Cdac,a>0 & Canc,a<Q
(i) T s (<)

WY

*

i.
<2l ool f(X) =0 S (F)

b ¥ \‘ac—br]
+—) +—
Ya fa'

b\" b'-¥ac
p—) =

=>(x
Ya fa'
A
:;,(X_R):i___J(b‘fac)
Ya Ya
9
Sy = —biJ b - fac (*.Y)

Ya

This result has an important graphical interpretation. There are three cases to
consider, depending on whether the discriminant A = b - 4ac is positive,
riegative or zero,

(1) If b* > dac, the curve y = f(x) cuts the x-axis at two distinct points. This,
taken together with (ii), cnables us to draw the sketches of the curves y = f(x)
as in Fig. 3.1.

Qe e by 5 Lo gls g 0 e S g0 e S S )
S ¥ Sl o b ghie e SA = DY - FAC g G5
213352

2 LX ey = f(X) g (A>6) b'>vac (1)
(Y) Coand 4 22 5 b 3 Candy ol )3 S g0 ald e S g
f(x) > — o&Ta<s F1,f(x} » +0 aKTa>. T
2 6 0k ol s 33y = F() (o ey 51
ST e 0l YLy S

Va
I’ﬂ\

; 0
\ - b > dac,
[#] . X a<0
. b2 > dac,
a>0
() ()
Py g
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R PR u‘.a_l...ij_jy&j‘};laﬁ'j*zﬁ‘

/ plete > 4ty ; Y(A >0)
f(x) = e by Aim a2, V(A =0)
2 i 4y (A <o)
To solve a quadratic equation it is often not necessary 10 use the general
formula (3.3). In simple cases, when the roots are integers or rational
numbers, one can often express the quadratic function in terms of its factors,

as in Equation (3.4), by inspection. The roots are then just « and B. If a
factorisation is not immec ately obvious, one may try the factor theorem

{p. 21} 10 obtain a factor.
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ol b of 9@ gn laads ) 5 (WS 4r 5 oF.Fy sl @)

R I oS o ghm 235y ol b 4 s g e
.r_;fut&.:d i Jole e o381 Szt (51 ( domito) Jole

Example I Describe the important featires and sketch the graph of:

(a) fix) = x? —3x + 5,

(b) fafx) = x? — S + 6,
() fi{x) = =x® + 2x - 1.

(@) ({x) = 2% = 4x + 5.

(i) £,(0) = 3.

(i) As x — =», fi(x) = =,
(i) f,(x) = (x? —.3x + §)

e - s

N u
'("2) It T

S0 (;(x) has a minimum value ofL—lwhenx = %. and 50 is never zero. The
graph of f,(x) is showa in Fig. 3.4.

b odd ool (slgsimis JISC2 4 wrl g sleian (1) JUo
A e | g s gai 505 5 o

G (x)=x" - rx+ 8

S X)) =x" —ax+

C)f\-(x) =—x"+ X -\

A (x) =xT—vx + 8

3.2 Quadrstic equations
The equation ax® + bx + ¢ = 0, where a # 0, is called a quadratic equation.

From Equation (3.2} the roots of this quadratic cquutivn arc

-b = \/;:’ = 4ac) 3.3)
If we denote these roots by a and B, then
ax® + br + ¢ = alx — a)ix — B}- 3.4)
P3s 4y O¥ sl 1Y

Ul S5 6@ # 0 & gljeax" + bX + ¢ = o Uslue

:d;buo_a_l sleal, (\'.\')d;[nd.fda‘-jl{.:_,-:uao-l,_alir‘,aq)a

-b i‘\] (b'- fac)

A ke pas 4o

VAA

= (r.v)

s S g il 03 paa Sl B L) leaty; it B
ax'+bx+c=ax—-a) (x-p) (Y.F)

From Equation (3.3), or alternatively by equating coefficients of x' and 2" in
Equation (3.4), we find

a+ p= —bla (3.53)
aff = ¢da. (3.5b)

It foltlows immediately from Equation (3.5b) that, when the roots are real,
they are of the same sign if @ and ¢ are of the same sign. (From Equation
(3.5a) it follows that they are of different sign from b.) The roots are of
opposite sign if @ and ¢ are of oppostze sign.

The above analysis indicates the following:

two distinct ) >0
f(x) = 0 bas two equal realmou]@[b’—m-ﬂ}
no < 0).

2X7 XY b oahs S i b (oY) b 4 g L
dls gal g ¢ oF Fp Ul
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€ ya 81 s 0 8 s i (G Y0 0) Bl 1t ity
S Sl (B ga) 4 s ¢(§ > o) wdl e
Cade Callius LT e 87y 50 i 0l ¥ B2 o
Gl i ey ) il bl Gl € g2 1 (Lail b
23y il - adhafl



o, () =x"— sx + 1 (WE () =2

o E()=7 (1) F1x~> o of (x) > 4+

" 8 —>i°_°,f,(x)—>+od (\‘)f\(x):x‘-‘rx+a5[x‘—m+(¥)*}(‘_;)‘+o

) f,(x)=x"-0x+F= [x*—0x+($)‘] | E(x—l; ‘+\?\2%
_(g)‘+7-__-(x—$)“';' yoseX = %‘-‘U"‘f’?"J“ﬁ'aﬂGb'éf, (%) ot

S 6.9 25 PYVEICIN S IO | PRI TCI . AL I JEN RRT
u::l...--aﬁx:%Gul@b:ﬁ;lm‘x,&fﬂ(}‘)auh PR g o o B i

h ol 21 0313 LS
.:)}luac.uaﬂfﬂ-l;‘fu"—%h Va e PR R0
_ Biy A By
fFX)=e=2{(X——) ——=oc=2(X——) =—
(W= em oL By \
S = = Ve s

Wi a3 ore bl (0 ) pritin b s Ko s

s (3 05 2

fxy=&x-7)(x-Y) 1
N S N D
>f ()= ExX=rLx=Y 0 1 2 3 4 5
R PN - I ub_l.u Y.0 L}i-:)a f‘ (X) 3 e vy ,Jﬁ:’

(b} Lx) = 5* — 5 + 6.
(i) £(0) = 6.
(ii) As x — o5, fy(x) —» +m,

@ ot =5 - sev6m 2= se 4 (3] - (5 v 6

2
.( _E)’_l
2 &
¥ = fa(x)
- 1 5
So fx{x) has a minimum value of -2 when x =3
2
(iv)fz(x)=0=>(x—;) -3=0
5\ 1
(-3 =1
5 1
L, > *5)"*5
1 2“& 3 4 X >x=3o0r2
Alternatively we could write
Ed .-1)
FR

f(x) = (x = 3x = 2)
= fo{xy = O when x = 3 or 2.

.0 g The graph of f{x) is shown in Fig. 3.5.
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