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To construct Table 1-1, we do not need to compute §, each time
by adding the first n positive integers. Having obtained values of §,

TarLE 1-1: Sum §, oF THE FIRST n CONSECUTIVE POSITIVE INTEGERS.

n s, -n 5.
1 1 ] 21
2 3 7 28
3 6 8 36
4 0 9 415
S 15 10 55

for n less than or equal to some integer &k, we can determine Sy,
simply by adding (k+ 1) to 5;:

Siai=8;+(k+1).

bidmis a1, Sy & g p3¥ NN i il sl

Cad by oS Dham  Cule y s sie o—.-U’s'.--bSc.-'r

K opr goae bl b Sa 8 lan 61, S, sl g2l
0 oome S 4 KV 0338l b Sl 1) Sy il i o

Sk =S +(K+Y)

This last approach suggests a way of verifying equation (1-1-1).
Suppose we know that formula (L-1-1}) is true for n = k, where k Is a
positive integer. Then we know that

s - kkt1)
[ 2 .

% PRINCIPLE OF MATHEMATICAL INDUCTION

Let us try to answer the following question: What is the sum of all

. integers from one through s, for any positive integer n? If n=1, the

"sum equals 1 because 1 is the only summand. The answer we seek is

a formula that will enable us to determine this sum for each value of n
without having to add the summands.
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S s

Table 1-1 lists the sum S, of the first n consecutive positive in-
tegers for values of n frem 1 through 10. Notice that in each case §,
requals one-half the product of n and the next integer; that is,

S=M

n [ (t-1-1)

for n=1,2,3,~..,10. Although this formuia gives the correct value
of §, for the first ten values of n, we cannot be sure that it holds for n
|Ereater than 10,
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% PRINCIPLE OF MATHEMATICAL INDUCTION: A statement about
integers is true for all integers greater than or equal to 1 if
(i) it is true for the integer I, and
(1) whenever it iz true for all the integers 1,2, ... .k, then it is
true for the integer k + 1.

By “a statement about integers” we do not necessarily mean a formula
A sentence such as “n{n*—1){3n+2) is divisible by 24" is also

af:ceplable {see Exercise 17 of this section). The assumption that “the
statement is true for n = 1,2, . ., k" will often be referred to as the
induction hypothesis. Sometimes the role 1 plays in the Principle will
be replaced by some other integer, say b; in such instances the princi-

ple of mathematical induction establishes the statement for all
integers n = b,
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Principle

Mathematical Induction 2l i
Sum § o
Integer pame 245
One oS

Positive Integer

and so
Sk =S+ (k+1)
="J————k2+”+ (k+1)

=(§+1)(k+1)
_[k+2)(k+1})
= 5 ,
that is,
_{k+D({k+1) +1)
Skri_ 2
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Skay =Sg +(K+Y) ol pl
=§§i—+2+(K+\)=(%+\)(K+\)
= (K+0)(K+Y

Y

(K+WW(K+32)+Y) .
Sl(+\ = Y [T o

The last equation is the same as equation (1-I-1} except that n is
replaced by k+ 1.

We have proved that if equation {(1-1-1) holds for n = k, then it
holds for n=k+ 1, and we have already verified that equation (1-1-1}
holds for n= 1,2, ..., 10, Therefore, by the preceding argument, we
conclude that equation (1-1-1) is also correct for n=11. Since it

holds forn=1,2,..., 11, the same process shows that it is correct for
n=12. Since it is true forn=1.2, ..., 12, it is true forn = 13, and
so on.
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1l H
ENTER NUMBERS FOR X & N 2 2,10 Khaurar
2 % 10 = 1024
ENTEA NUMBERS FOR X & X 7 4,-2
4 *-2 <= .0825
_if
INPUT "ENTER NUMBERS FOR X B N"; X, N
IF X < 0 OR N < O OR N <> INT{(N}) THEN PRINT "ERROR IN INPUT DATA"™; GOTO 10
LET ¥ = G
FOR | = 1 TO N
LET ¥ = SQA(Y + X
NEXT
PRINT "SQR{™; X; "+SAR("; X; "+SOR("; X; RIS I 0 IR
END
iﬁtju?bs
ENTER NUMBERS FOR X & N7 4,7
SOR( 4 +SOR{ 4 +SQR( £ +...}})= 2.561521
Jol s =Y

o 3ot (e y I gldan g0 by

INPUT "ENTER A NUMBER FOR N"; N
PRINT "{X+Y¥)""; N; "=";
PRINT "X~"; N; "+",
LET K = N: GOSUB 200: NFACT = FACT
FOR T = 1 TO N - 1
LET K = T: GOSUB 200: KFACT = FAGT
LET K = N - T: GOSUB 200: NKFACT = FACT
LET A = NFACT / {KFACT * NKFACT?
PRINT A; "X*"; N - T; ".¥*", T, "+";
NEXT T
PRINT "¥*"; N
END
REM /*** SUBRCUTINE SECTIGN ***/
LET FACT = 1
FOR I = 1 TO K
LET FACT = FACT * |
NEXT 1
RETURN
END by o
FHTER A HUMBER FOR N7 3
{X4¥)7 3 =X~ 3 + 3 X~ 2 ¥* 1 « 3 X" 1 .Y~ 7 evy- 3
£Is ey =Y
(% + PN Glabea 33 Joy b e
INPUT "ENTCR

A NUMBER FOR N"; N
PRINT "(X+Y)"~"; N; "==;

PRINT "X*"; N;
LET A = 1
FOR I = 1 TO N - 1
LET A = ((N -1 + 1y * Ay ! 1
PRINT "+"; A; "X~"; N - I, ".Y~", 1;
NEXT .
PRINT "+Y~"; N
ERD
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=5 Ysin 03
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YO —10COSTX+ACOSTX +ACOS TX

=9+3cos¥x
= Acos'VX—\FCOsTX+F=-
= feos' Yx—AcosTx+ Y=
= (Ycos¥x —\NVeosTx - Y)="-
= Teostx—V=-L Ycos¥x -V =~
:cosYx:% L cos\‘x:%>\ (o J i J3)
= COSYX:CUS%:&\'K:\'kT{i%
= e o gat ol g
:ﬁja_\f
sin” x+cos” x =\
= sin" x+cos” x =sin’ X +008 x
= sin"x-sin' x+cos” x—cos’ =e
= sin” x(sinx — 1)+ cos” x(cosx 1) =+
= (\—cos" x}sinx—\)+
{d—sin’ x){cosa =\) =~
= (V—cosx)(\+cosx)(sinx -+
(Y =sin x)(V+sin x)cosx =) =+
= (Y —cosx}sinx —V)(V+cosXx +1+sinx) =+
= Y—cosx=+Lsinx=V‘=-Lcosx+sinx+T1=-

\—CcosX == cOSX =\ = cos(+) =

. . . n
L_smx—\:-:smx:\:sm;::

Gabe i b =AY Scosx+sink s VT tpeita g

ei Jged Bl COS X +5i0 X = —¥

)J(_.'Iy'_mﬁl._r.jl-\S\;..Jaljub_,.l'i—lh_,‘aj).\_\b
<3 pot aolizl BASIC

LET A = 1
INPUT TENTER NUMBERS FOR X &8 N *;
FOR | 1. TO N
LET A = A * X
NEXT
FOR I = -1 TO N STEP
LET A=A * 1/ X
NEXT
PRINT

X,

-1

N
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