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Which of the following diagrams represent a function? Let X={1,2,3,4} and Y={a,b,c,d}
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f is function. So is g. There is no problem with an element of the codomain not being the 
image of any input, and there is no problem with a from the codomain being the image of both 2 
and 3 from the domain. We could use our two-line notation to write these as 

1 2 3 4 1 2 3 4
f g .

d a c b d a a b

However, h is not a function. In fact, it fails for two reasons. First, the element 1 from the domain 
has not been mapped to any element from the codomain. Second, the element 2 from the domain 
has been mapped to more than one element from the codomain (a and c). Note that either one of 
these problems is enough to make a rule not a function.

In general, neither of the following mappings are functions:

In might also be helpful to think about how you would write the two-line notation for h. We would 
have something like:

1 2 3 4
h .

a,c? d b

There is nothing under 1 (bad) and we needed to put more than one thing under 2 (very bad). With 
a rule that is actually a function, the two-line notation will always "wrok".
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CD

C
B

A
D

E

M

O R AT' AT A
°

O ATOT'
AT A

A AT

R P

PA ° AB

B
A P

ABC O
AO AD

CB

A
D

A A

R

ABC

x

O



| | |

x R : x

x R : x

x R : x

n N : n n

[p (p q)] q

~ (p q) p ~ q

A B A C B C
A B A C B C

A {a,b,c,d,e}
A

[A (B C)] [A (A B)] A B

A (B C) (A B) (A C)

n B m n A

A n m

(A B) (C D) (A C) (B D)

g f

x

y

f

g

(gof)( )
(fog)( )
(fog)(  )
(gof)(  )

g(x) x x f (x) | x |

fog( ) gof ( )

f(x)

y f (x)

y=f(x)

 y f (x )

 y f (x)

 y f ( x)

[ , ] [  , ] f
f  of(x) fof  (x)

 y sin( x)

 y sin x.cos x

 y cos x sin x



| | |

 cos x sin x cos x

 
tan xsin x
tan x

 
tan xcos x
tan x

 
sinsin cos

tan x cot x
tan x cot x

sin x

 sin x tan x

 sin x cos x sin x

sin x cos x

y=f(x)
f(x+|x|)

x

y

y y x

f(x)=x

g f R R g f
fog g f

f (x) | x | | x |

p(x)=x +ax+b b a
(x  )(x+ )

xy sin

cos x sin x , [ , ]

sin x cos x , [ , ]

xf (x) tan( )

y=tanx xy tan
xy tan

 x

xlim
x

 x
lim( )

x(x )

n m

x

xlim
x mx n

m|n m n b>
m n(b ) | (b )

( m+ ) ( m+ ) a
a

| n n



| | |

a
a+ a+ a

!A

A

A aba

m N Z x my

m

x y

An, ..., A , A A

A=A =A =...=An A
a b

A
c d

A

At( )=A A
f e d c b a

a
A b c

d e f

R
cos sin

R
sin cos

R R R

A A

A

A ×

A

A y x
x

B
y

A=A A ×

a b
A

c d
a

B b c
d e f

a b c
A d e

f

x y

m x y m

m
m
m

a

A
m

AH BH.HC

C

B H

A

A A At



| | |

AB BH.BC AC CH.BC

C

B H

A

HM H
OA A
OH HP PM

HB

OB

M

B

P
HO A

A xoy
C oy B ox A d

AB AC

O O

x yx

A
A

y

OKSA OBMN xoy oy ox

O

ˆ ˆo xoy

A

S
B

x
M

N

K

y

O

DB AB
DC AC

BA AD C
BC AC AB K

DC DB

B D C

A

n n
n

n n
n

b a

c b a
  

a b( a.b)
a b c a.b.c

d c b a
a b cd a b c d a.b.c.d



| | |

n(A B) n(A) n(B) n(A B)
n(A) n(U) n(A )
n(A B) n(A) n(A B)

A
B

U

U
A B

x

n(A B) n( ) n((A B) ')
n(A B) ,n(B A)

( ),( ),( )

n(A B) n(A) n(B) n(A B) ( )
n(A B) n(A) n(A B) ( )
n(B A) n(B) n(B A) ( )

n(A B) n(A B)
n(A B) n(B A)

n(A B)

A B A B
(A B) ' A ' B'
(A B) ' A ' B'
(A ') ' A
A A '
A (B C) (A B)(A C)

((A ' B') [B (B A)]) '
((A ' B') [B (B A ')]) '
((A ' B') [B (B A ') ']) '
((A ' B') [B (B' A)]) '

(A ' B') (B B') (B A) '

((A ' B') (B A)) '
(A ' B') ' (B A) '
(A B) (B' A ')

(A B B') (A B A ')

n(A B) n(A) n(B) n(A B)
n(A ') n(U) n(A)

n(A) n(B)

n(A B) n(U)

n
 

n(A ' B') n(U)

n(U) n(A B) n(U) n(A B)

n(U)

n(A B) n(A) n(B) n(A B)

n(A) n(B)

n(B) n(B) n(U)

n( ) n(B) n(U)

n(B) n(U)

n(B) n(U)

n(A) n(U)

n(A ') n(U) n(A) n(U) n(U)

n(U)

A

d

t

n n

n

t t (n )d t (n )
t n

t ' d '

n n

n

t ' t ' (n )d ' t ' (n )
t ' n

n nt ' t ( n ) ( n ) n

n n n

n na an b

na an an n a ( a)n
an a

n n

na a a n
a

a

n
b bt ( )n a ( )n

a

bt b

b

t
d

nt t (n )d



| | |

a , a ,   a  
                                             

a a+

a

t a
t t (( a ) ) d a

t ( a ) d a

a (a ) ( a )d a a
( a )d

aa ( a )d d
a

( a )
a

ACD
CD AB

CD AB

C B

A

D

ACD

ABC : AC AB BC ( )

( ) BC

BC

BC ( )
BC

ABABD : tan
BD BD

BD

CD BC BD

S AB CD

A ( ) ( )

( )

( ) ( ) ( )

A ( ( ))
( ) ( )

(( ) ) (( ) )

m n mn m m m

(a b) a ab b ,

(a ) a ,a b (ab)

(a b)(a b) a b

( ) ( )

(( ) ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

(( )( ))

( )

( )

sin sin
sin sin
sin sin
sin sin

sin sin sinA ...
sin sin sin

sin

cos

cos cos
cos cos

B
cos cos
cos cos

sin

cos

cos cos ...
cos cos

A B ( )

a b ab a,b

n na a a n



| | |

( )

( )
( )

( ) ( )

b ( )S
a

( )

( )

( k)( k)

[ ( ) k][ ( ) k]

bS
a
cP
a

A

CB
cm

M

cm BC CM
C

AM= cm M
C

CM A
A B M

B

A

CB

cm
M

AB AB M

AB

A

CB
N

PM

AB M( , )

B A
AB

B A

y y
m

x x

mm

y (x ) y x

y x
BC N

BC
BC

BC N( , )
 

C B
BC

C B

y y
m

x x
BC

BC

x

BC AB

x
y

y x

O( , )

y x
x x x

y x
x , y

O( , )

y x

( )
R OH

R
O

H
x y = 

(S R )

S ( )

( ) ( )k k

k k

k k

k k

( )k k

[ ( ) k][ ( ) k]



| | |

x x (x )(x )
x , x

x x

a+b+c=
a +b +c = abc

( x ) ( x ) ( x)
( x )( x )( x)

x x

x x

x x

y=ax +bx+c
a>

S>

a m

b ac ( m) (m)( )

m m m m m
b ( m)S

a m
cP
a m

y=ax +bx+c

S>

k

a k

b ac (k ) k( )

(k ) k
k k k

k
cP
a k

f (x) ax bx c
c b a

(x y ) c

b
a

b b a a ,b
a

(x , y ) a b c

f (x) x x

f (x) f (x)

f (x) x x x

f (x) x x x

y=|x| AB

B=( b,b) A=(a,a)

M A

x

B

A B
M

A B
M

x x a bx a b

y y a by a b

a ,b

AB (a b) (a b)

x + =t

(t ) t(t ) t
t t

t
t t

t

t x x

[  , ] f

x x
x x

x x x
x x
x | x | | x | x

x x

x ( x ) x x x

x x x x

g(x)

R ( , )

n
n(n )

 ...

( ... )

n
n

...

a , , ,...

a a ...a a (a q)(a q )...(a q )

a q a q

qa a ... a a
q

( )

A

O( , ) A (a, )
a

y
x

OA a (a )
aa

(a ) (a )
a a

(a ) OA
a



| | |

f (x) (x )

x x (x )

(x ) f (x)
f [ , ]

f

f (x) (x )

f

 y =

h(x) f (| x |) x | x |

h(x)

h(x)

g(x) | h(x) | | x | x | |

g(x)

T

C

T

O
B A

ATOT
OAT

OTA OAT A A

OT R Rtan A AT
AT AT

S S ( AT OT)

R RR

AT TBT T A

RAT AT

TBT TCT R

R RAT TBT AT ( )

RR

( )R

O P
C

ˆAOB
AOB

AO=BO=AB=R

PA.PB PD.PC x.(x R) R( R)

x Rx R

R R R Rx

xx ( )R
R

C
OR

R
R

P
B

D

A x

n f

x (f (x) ) n fof

n n n+

f (x) ax bx c n=
x f

f (x) ax c

a(ax c) c x (ax c )

a x a cx ac c ax (c )x

a

c

a a a(a ) a c c c
a c c

ac c a a

f (x) x

g

f (x) f (x)
[  , ] Df=[  , ]

x=

gD [ , ) ( , )

( ,  )
y= x  ( , )

g x= f( )=

( ),( )

CD BE CD BE ( )

BC DEˆCMB BC DE ( )

BCE BE CD BEÂ
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