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Ĉ c cos ( )

c
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Let x be any real number. Then x lies between two integers called the floor and the ceiling of x. Specifically,

  x called the floor of x, denotes the greatest integer that does not exceed x.

x called the ceiling of x, denotes the least integer that is not less than x.

If x is itself an integer, then x x ; otherwise x 1 x . For example,

3 /14 3, 5 2, 8 / 5 9, 7 7 , 4 4

3 /14 4, 5 3, 8 / 5 8, 7 7 , 4 4

Let x be any real number. Then integer value of x, written INT(x), converts x into an integer by deleting 
(truncating) the fractional part of number. Thus

INT(3 /14) 3, INT( 5) 2, INT( 8 / 5) 8, INT(7) 7

Observe that INT(x) x  or INT(x) x  according to whether x is positive or negative.

The absolute value of the real number x, written ABS(x) or |x|, is defined as the greater of x or -x. Hence 
ABS(0)=0, and, for x x)=x or ABS(x)=-x, depending on whether x is positive or negative. Thus 

  
| 15 | 15, | 7 | 7, | 3.33 | 3.33,
| 4.44 | 4.44, | 0.075 | 0.075

We note that |x|=|-x| and, for x x| is positive.



| | |

C B A

BACC AABB CCBA

n n

n

n
n

n n

x
x+ x +

+ +...+n

( x) x

x



| | |

b a
a+b a + =b

tan tan tan r

tan tan tan

tan tan tan

tan

tan

r

n

tan tan ... tan
n n

(n ) ntan tan
n(n )n n

tan (n ) tan (n)

tan ... tan
n n

(tan tan ) (tan tan )

... (tan (n ) tan (n)) tan (n )

tan (n )

c a

f (x) ax bx c

f ( ) f ( ) f ( )

c , a b c , a b c
c =

a = b = 

f(x) =

x y

y x

x x y y

(x ) (y )

x y

A A={ , , , }

)

)

f( ) f( )

f( ) f( )

f( ) f( )
N = × =



| | |

f( ) f( )
f( ) f( )

N = ×

A

N = ×

N= N= ×(   )

f( ) f( )=f( )<f( )

f( ) f( )

A

f( )

x+ y
x,y

S

N

N N= ( )
N

N =( )
N N

N N N N =( )

S

N N
N N ( )

S
N N

N

P
ABC

PC PA

AP B
D

ADC APB AD PB
AD DC=AP

AD BD AP PC
PC

AD=PE=PB

AP=DC=AE
° BDC

AP=CE DCE

PEB

EP=PB

B
A

D

E

P

C

APBC



| | |

d ABCD
BD AE

n

d n
B G DC

x BG

AB= +x

BE x AE x x

BEG ABE

n

B C

A D

E

G

EF=n=x PF=x
ADF

ED x x d BE ED ( x )

d x n

k
k

r
arar r

k

k

rar ar
r

rar
r a r

r.
ar r

ar.ar .....ar a r (a r )

B A

B A
A

B= B= B= B
A

B= A=
A

( , ) (A , B) A=
( , ) ( , ) ( , )

y x

x y

y x

x+y
xy

xy

y
x

y
x

x
y

x
y



| | |

a R -{ b,c R ax +bx+c=

ax +bx+c= a R { } b,c R

  ac



| | |

bx
a

bx
a

bx x
a

ax +bx+c= a R { } b,c R
x

a
a

a

a b cax bx c x x
a a a

b cx x
a a

cq
a

bp
a

x +px+q=

x +px+q=
p,q R x

  ac

b ac p ( )(q) p q

x +px+q=

  q>
x +px+q=

  q=
x +px+q=

  q<
x +px+q=

x +px+q=

p p qbx , x x , x
a ( )

p qp p p qx , x x , x

p px , x ( ) q

px x

p,q R x +px+q=

p px , x ( ) q

p( ) q



| | |

ABC

AB =AC +AC.BC

BC =AB +AC  AB.AC

°

°

°

°

°

x x

x x p ,q

p px , x ( ) q

x , x ( ) ( )

x x
x , x

x x

x x

x x x x

p ,q

p px , x ( ) q

x , x ( ) ( )

x , x x , x

xx
x , x

xx

x x

x x

x x

x x



| | |



| | |

/



| | |

a
a

a



| | |

n+
n n+

x

(x n) ... (x ) (x ) x

(x ) (x ) ... (x n)

x [(x ) (x ) ] [(x ) (x ) ]

... [(x n) (x n) ]

(a b) (a b) ab

x ( x) ( x) ( x) ... (nx)

x x( ... n)
n(n )x x xn(n )

x n(n )

x n n(n ) n n( n ) n( n )
n=

n

n=



| | |

a b
a b

b a



| | |

C

B

A

D

ABCD
AC K

ˆ ˆB B

C

B

A

D

K

ˆ ˆB B
ABD ~ KBCABˆ ˆC D

AD CK BC AD CK BD ( )
BD BC

ˆ ˆ ˆ ˆB B B B
ABK ~ BCDBCˆ ˆA D

AB BD AB CD AK BD ( )
AK CD

( ) ( ) AB CD BC AD (AK CK) BD
AB CD BC AD AC BD



| | |

K KA+KB=KC
ABC
A

C

K

Ba

aa

AKBC
KA BC KB AC KC AB

KA a KB a KC a KA KB KC

MH MK MH MK

A
B

C

D

M

H

K

H

K

AM

ˆ ˆABCD D B ( )

MK

ˆ ˆ ˆ ˆK K MKDK D K ( )

MH

ˆ ˆ ˆ ˆH H BHMH B H ( )

ˆ ˆH K

MKK HH M
( ),( ) MH MHMKK ~ MHH

MK MK
MH MK MH MK

c b a

A

a

b

c

c

B
C

D
D

D

ABCD´ ABCD
ABC ABCD´́

ACD´́ ACD´ ACD

AC CD ACD

ˆc AC sin C

Ĉ
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