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THE INCLUSION - EXCLUSION PRINCIPLE

Let A and B be any finite sets. Then

n(AuUB)=n(4)+n(B)-n(ANB)

In other words, to find the number n(4NB) of elements in the union AUB, we add n(4) and n(B) and then
we subtract n(4N\B); the is, we "include" n(4) and n(B), and we "exclude" n(4B). This follows from the
fact that, when we add n(4) and n(B), we have counted the elements of ANB twice. This principle holds for
any number of sets. We first state it for three sets.

Theorem: For and finite sets 4, B, C we have
n(AVBUC)=n(4)+n(B)+n(C)-n(ANB)-
n(ANC)-(BNC)+n(ANBNC)
That is, we "include" n(4), n(B), n(C), we "exclude" n(AnB), n(ANC), n(BNC), and we include
n(ANBNC).

EXAMPLE 6.11
Find the number of mathematics students at a college taking at least one of the languages French,
German, and Russian given the following data:
65 study French 20 study French and German
45 study German 25 study French and Russin
42 study Russian 15 study German and Russin
8 study all three langauges

We want to find n(FUGUR) where F, G, and R denote the sets of students studying French, Greman,
and Russian, respectively.
By the inclusion-exclusion principle,
n(FUGUR)=n(F)+n(G)+n(R)-n(FNG)-
n(FAR)+n(GNR)+n(FNGNR)
=65+45+42-20-25-15+8=100
Thun 100 students study at least one of the langauges.
Now, suppose we have any finite numaber of finite sets, say, 4,, 4,, ..., 4. Let s, be the sum of the
cardinalities
n(Ail N Ai2 mAik)
of all possible k-tuple intersections of the given m sets. Then we have the following general
inclusion-exclusion principle.
Theorem 6.7:

n(A VA, 0...OAm)=s -5, 5 . H(-1)" s .
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