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B A P
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B A

P P P

BC AC B A

P(AC)=  x P(B)=y P(A)=x
B A P(BC)=  y

P(A B)=P(A)×P(B)=xy

P(A B)=P(A)+P(B) P(A B)=x+y xy

(A C)C=AC BC

P(AC BC)=P((A B)C)=  P(A B)=  x y+xy

P(AC)P(BC)=(  x)(  y)=  x y+xy
BC AC P(AC BC)=P(AC)×P(BC)

AC BC A
B

ë
family with children:
A={children of both sexes},
B={at most one boy}
(a) Show that A and B are independent 

events if a family has three children.
(b) Show that A and B are dependent 

events if a family has only two 
children.

(a) We have the equiprobable spase 
S={bbb, bbg, bgb, bgg, gbb, gbg, ggb, 
ggg}. Here

A={bbg, bgb, bgg, gbb, gbg, ggb}

and so 6 3P(A)
8 4

B={bgg, gbg, ggb, ggg}

and so 4 1P(B)
8 2

A B={bgg, gbg, ggb} 

and so 3P(A B)
8

Sinc 3 1 3P(A)P(B) . P(A B)
4 2 8

.
A and B are independent. 

(b) We have the equiprobable space 
S={bb, bg, gb, gg}. Here

A= {bg, gb} and so 1P(A)
2

B= {bg, gb, gg} and so 3P(B)
4  

A B={bg,   gb} 1P(A B)
2

Since B), A and B are dependent.
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1. Contain  2.  Marble

 3. Random  4. Probability

 5. Choosing  6. Event

7. Independent  8. Furthermore

9. Similar  10. Demorgan's Law

ë A contains five red marbles and three blue marbles, and box B contains three red and two 
blue. A marble is drawn at random from each box.

(a) Find the probability p that both marbles are red.

(b) Find the probability p that one is red and one is blue.

(a) The probability of choosing a red marble from A is 5
8

 and from B is 3
5

. Since the events are 

independent, 5 3 3P
8 5 8

.

(b) The probability P1 of choosing a red marble from A and a blue marble from B is 5 2 1
8 5 4

. 

The probability P2 of choosing a blue marble from A and a red marble from B is 3 3 9
8 5 40

.

Hence 1 2
1 9 19P P P
4 40 40

.

Prove: If A and B are independent events, then AC and BC are independent events.
Let P(A)=x and P(B)=y. Then P(AC)=1-x and P(BC)=1-y. Since A and B are independent. 
P(A B)=P(A)P(B)=xy. Furthermore, 

P(A B)=P(A)+P(B)-P(A B)=x+y-xy

By DeMorgan's law, (A B)C=AC BC; hence
P(AC BC)=P(A B)C))=1-P(A B)=1-x-y+xy

On the other hand,
P(AC)P(BC)=(1-x)(1-y)=1-x-y+xy
Thus P(AC BC)=P(AC)P(BC), and so AC and BC are independent.
In similar fashion, we can show that A and BC, as well as AC and B, are independent.
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c d [(b a) c d ] /h
c d (b a) c d

c d [(b a) c d ]h
(b a)

( cd (b a) c d )( cd (b a) c d )h
(b a)

[(d c) (b a) ][(b a) (d c) ]h
(b a)

(d c b a)(d c b a)(b a d c)(b a d c)h
(b a)

a+b+c+d= p

( p a)( p b)( p a d)( p a c)h
(b a)

(p a)(p b)(p a d)(p a c)h
(b a)

(a b)hS

a bS (p a)(p b)(p a c)(p a d)
b a

p

S ( )( )( )( )

S ( )( )( )( )

S ( )

(b>a) b a
c d

c d (b>a) b a

a bS (p a)(p b)(p a c)(p a d)
b a

p

a b c dp

ADM : h x c x c h

BNC : h y d y d h

x+y+a=b

c h d h b a

z=h

c z d z (c z)(d z) (b a)

(c z)(d z) z (b a) c d

(b a) c d t

(c z)(d z) z t

c d (c d )z z z tz t

c d tz
c d t

A

D

c

a

a

b

M Nx y

d

B

C

h h
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d

hgfedcba

c b a

ax + bx+c= ,   bx + cx+a= ,  cx + ax+b=

a
y=ax x  

y=x  x + x  
x x + x  =ax  x  

x(x  (a+ )x+ )=
x (a+ )x+ =

a=  a= )   =

AB=AC=DE 
EC= CAB= ° DB=

DE

AE=x  AD=x  x=AB=AC=DE
ADE

(x  ) +(x  ) =x   x   x+ =  x=
DE=x=

c b a
b=ac

c
b
a

( )

AC=  CD=
FBD AEC

A

F D

B

E

C

FBD AEC E B
AFE FB=AE

AB=FE ABF
BCDE ABEF

ACDF

S

A

B

D

C

E



  |  |  |

a a ,a ,a ,
a a a

ak a a k

a a a
a =a+ d a =a+d a =a (a ) =a a

(a+d) =a(a+ d) d = ad d= a       d=
d= a a

an=a+(n  )d=a+ a(n  )=a( n  )
ak=( k  )a a = a

( a) =a( k  )a  k  =   k=

Q( , ) P( , ) x
x (V)

V VPQ

h PQ=   =

PQV V PQ

h= (PQ)h 

V x V

Q P V

V=( ,  ) Vx

y=k(x  )(x  )
b
a

k V=( ,  k) k(   )(   )

k PQV

V=( ,  ) k k

R+r= r R
 

R r (R r)(R r)

( (R r))(R r)

n f
f(n) n n   f(n)

n n
f(f(n))=

f(m)=m  = m m=f(n)
m m=

n f(n)=± m=± f(m)=m   =
n n=  n= n  =±

n   = ±

C B A
A=B=C A B=B C=C A

A x
x A B B

A x B x B C
A B= A B B

B A C A B C C A= B C=
B=C A=B

C

a , a , ..., ak

(k ) 

m n m n m na a (a a )

a a =
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e
(Euler's constant)

e

(Jacob Bernoulli)

(iteration)

x

x
x (Lothar Collatz)
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Educational Times

(Percival Frost)
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DBC CBO CEO CED

BCE BCO BDO BDE

ODC OCD DO=CO
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ˆ ˆD B ˆ ˆA C AB=CD
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ˆˆ C ˆ B̂
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CD AB O
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ABCD DA CP
AP=DC=AB

APC ADC PC=AD
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PBC ABC ABP
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ABCD
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O
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BAD BOD BCD

ABC AC AB
ACE ABD
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AB=AC
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BDA CEA BDC BEC
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AB=AC AC=AE AB=AE

ABC Q P
AP CP
AQ CQ

PCB QCA PAB QAC
BP AP
BQ AQ

PCB QAC PAB QAC
ABC Q P

PQ I ABP CBQ

PAQ
PI AP CP
IQ AQ CQ

PCB QCA PAB QAC PCI QCI

BAI PAB PAI QAC QAI CAI

I BCI ACI
ABC

ABI CBI

PBI ABI ABP CBI CBQ QBI
BP PI AP
BQ IQ AQ

BP
BQ

AP CP
AQ CQ

PBC PCB PB=PC PBC PCB
PB=PC

ABCD
AB CD AD

ˆ ˆA D

O A
A

BCD BAD

AC P
ACD

B AP>PC
CP

ABCD AB=AC

AB=AD=CD

A DBC

AEB ABE AB=AE AEB ABE
AB=AE

Â ABC
AB AC

I Q P B ABQ CBQ ABP CBP

BP PI
BQ IQ

PBI QBI

BP PI
BQ IQ

PBI QBI
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