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Prime Numbers and Factorization
Most mathematicians would agree that the 
most important concept in number theory is 
the notion of a prime.

Definition 1 (Prime and composite 
numbers) A natural number n is prime if 

The number 2 is the smallest prime and the 
only even prime. The other primes less than 
20 are 3, 5, 7, 11, 13, 17, 19.

(Prime factorization of any integer n ) 
Consider the integer 226512. It ends in 2 
so it is divisible by 2. (We say that "n is 
divisible by m," indicated by the notation 
m|n, if n=qm for some integer q.) In 
fact, 226512/2=113256. We can divide 
by 2 again, 113256/2=56628; and again, 
56628/2=28314; and again, 28314/2=14157. 
That's it. We can't divide by 2 anymore, 
so we have 226512=24 14157. But, it 
is easy to check that 14157 is divisible 
by 3 to get 4719 which is again divisible 
by 3 to get 1573. That's it for dividing 
by 3, so we have 226512=24 32 1573. 
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   1. 
. Divides

3. Product
4. Irrational
5. Rational number
6. Fraction
7. Multiple
8. Positive integer
9. Contradict

Continuing in this manner, we end up with 
226512=24 32 112 13. We have written 
226512 as a product of primes. Also, the 
notation m | n means that n is not divisible 
by m.

From the closure property for multiplication 
of odd integers, you can prove by induction 
that for any , and any integer m, mk is odd 
if and only if m is odd. Logically equivalent 
is that mk is even if and only if m is even. 
The fact that mk is odd if m is odd can also be 
proved using the binomial theorem, which 
you should have seen in high school:
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Since m is odd,  for some integer . 
Let  and . Written another way, 

k k

1 2 k

m = (2j +1)
k k k

= 1+(2j) + (2j) + ...+ (2j) .
1 2 k

In this form mk is obviously 1 plus an even 
integer and hence odd.
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