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A FORMAL | (2)

SYSTEM

A model of the dynamics real/formal

' THE FORMAL |
SYSTEM(S)

=) «a‘t‘ .
1“ (Q'Q-\ |

In mathematical reasoning the formal and informal aspects ‘

are deeply intertwined: a major teaching goal should be to
operationalize this virtuous cycle in classroom practices.
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A REAL _' THE REAL
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One can also use an excel spreadsheet:
3 3 4
4 8 9
E 15 16
6 24 25
7 35 36
8 a8 49
9 63 64

10 80 81
1 99 100
12 120 121
13 143 144
14 168 169
15 195 196
16 224 225
17 255 256
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Let us change for ex. O2: now suppose that the factors
differ by 4 [ (~ O2),].We get:

Remembering the observation O4 one can ask (Q1)*:
what about squares?

are still they there?

can we discover them again?

Step 2: “What if... ?”

1.5 5
2-6 12
3.7 1 =
4-8 | 32 |
5.9 a5

oledro a3l 9 (owyd Al y

aS aes L b oad ploil (g )l Slallas
[y 0ad dogi owyd sbadali o lolas e3>
oy S 0 L=l ol eyl gl ile Lo Jolss
byomww‘oﬂbmd&&gﬂgcp
e i oyl gl il

o delp e Lowa o m i o
Koads Jyadud o yd GLS A Koo _baad» asliy
£9 CoddicunSP g ooy ollsy D Kool >
0 Gl o 15l aag ((gueS) b
Coale o)l olalas sl sl pibicos was 4
650k Ulg g o]y (S8 (3L,

WWAS Lo 1Y 5o [p oz 5 (o 8590 [ 20y o390l )

0 4oliyr 99 (o duan Lo 5l diged O
ookt sl S 3 (V++9) 0 5 615 o
Shls a5 sazie SYLI o 1) Lok gy asli 9o
(ol W) (o ol S pete e (Lhal pllis
45»)9.3 (CMP)J,ijagﬁsab)sw)o MUJ.g
ags dSs ol (NSF) pole Lo sl Jbo oo L
P 0l oy aslip SO 6,08 el 00
ol 35 5 a5 ol (Glencoe) sy e
3 03 bedslllas cpl o c oo IS 5 pnlas 5
59 Ol 5 Pl (2305 (SigSr e pogie

A Sl g 4 o as aal

b dlasl g bl b abaly o 1, e CMP
S 45 WIS (g0 a5 (i Slate slalages
XS oo D9l b s a5 el eS¢ e
LLs | ols las gl ool o slabu jloged S
‘ﬂq)oubﬁﬁs'{)y)a.«wb:&jow
By G Vaoro a5 oled SO loiea | L e
5«.)3)‘5A )lf a4 ode u_i) QO‘O uLu.u 6‘).: 9 el
S se (rgy ek pai 98 (pl il Sl 005 by a5
oolitul Laslg, oyols ylis gl Lo puxio 51 CMP a5
uw‘@r&lﬂ)oé@)w)m@@
10 daJsexe L (placeholder) JlugSil> lgica
RUNRPPEEE e

aS 08,8 asl s ool 5l IS _degh
o..\.;),:f)_))olﬁ)“wl OJ:JL..:)LMMJ LS'Q?'GI‘&A‘)*;;;A»
o Tyosd plaS ma Glencoe 4y 4 g
FB oples o pogin 5l 9505 sloosla il
‘5_.0)0 d.nL:).: 9o w‘ ;‘erwl.ombw
4 S pite (Sl ¢ piie pogde iy sl
Todon |y aoled 5 b Jorams B9, g O3S (oo i

P 3l gy ol p lradse S
Lbcﬁ e bl gl
§ SIS ¢ gty Aol 5 3B olwlis gl
ol o dled sl sloacr 5 zokaw 3405
WS oo S waliy o0 e Slesl b a oS
a9 O 90,5 wla 5o ol oy
Kodls o gw)d LS 4 Koalbaad ilize

5 €od_banS» g Kool ol ) )P Koo il >
ol o Jlasl g bl sl SieS>



bl sl Glelliye asby» o0 iomen

b S Jw a2 as (PISA) «Ql)'yol)i.sb
Lol € Kio 8 g (590l dnmgi lojlo? la g
iy ) (§3I9SS s e o 15 » (OECD)
Ol oS cel s Sl S aalllas 5 )50 (b (o)

uslﬁ.t sé‘j)b .Q)LJ )‘)3 ‘U‘)}‘Ju’“b Ja...uy LS@L’)
‘c.),if‘).la L ousoad 0 d.nl.i).g O ‘_g)L._m.a

4 oo o5 (o0 sl (2Bl sl (S8 L
o IS o QT shzlgoas oo glalis
2 Oledre (sl gl 3B s g2y ¢ Bly o0
(y® el (5L slaaia o B
(V) I g pdsS el sl ol a2 LB
Oledas sl ysls (e (Sieos M a5 ol o
rlpogdle S5 S92 (jgel lo (6, —50b
ploxl jous g 15 sbaosls sl 2 (6 ks Slalllas
slmdels y 2] 5 az 51 sims o s 45 wiloos
Jed 5l S5l Yl o (sloasslf oo
ook Lol o9l g0 ST alis o 9 (03,5 SVl
5 i 31 sl a8 el ol lalne L

Jlo 30 a5 (28 )5 50 oads il s 4y (i3

g9 oo 0 Ll oy piie YoV Y A e )N (> Sgde s 3 fols (Lol ﬁ|§) 2 L:a :’b e
ol (VoA ghew) il €langzor l3gel il 35):_,1‘54.: lau‘f i
ool (s oo Kty ) (6l o ol U o ,|° ’ : ~ ﬁ
QE D 8l e 31 Lo WS 50 eds i 6,50k oS bl_f bm ‘sf"u
. . ol p cdel 4o
B = SHUSDH  cglasgy oy g S po ST glras a5 ‘Sl@..x.;.,lfé ) s
5 e2b, laadSs ples o s3lis Vb mhaw ‘5“ o ;;bgw)
Loyl wyzs ol Lo ls oS ey Job o ST TS s b
L e e T Y el S
Frio 5Bl o T8 Al 4 S plodae - J? 3
i ool sl Sl sl sgame Wil I 5
d“uut‘w‘)i‘-ii‘vuvgjl”j”}f.%duoyﬁ‘gsb .ol o: S oo alodl ela Emats dlos )SL’L°| "DQM@ i-\-*Sb
o “ o SR PRl SRRy R Ao el ol - I
)‘oéw‘swﬂowa;ﬁal;@p‘ 45;4»:‘(“’\&) ‘S»LwS‘de.:JUaA ‘gob) ULQ.L&A (SN u..i uLDJM -
PACT & el ol astle oo 0l S 1 L0 Ol eyl P 0
u‘)}o‘wb ‘S’U}: 9 4»))10 ‘) ool u-’)':'“w" LQ[?S a)Lg)o ul QSL“’)jL‘ O ‘u‘)-“ s 4-]4‘*‘5-**' Gol.:) 6[@&—0@)3 Oé‘é
s, alss S gnlS sl dSS sl . e . . ‘ KER Sqdxo
=385k 5 6 Fgals i LS PO Y ANRCI TP X OWIN O 29

=2l S50l )0 JgalS jloslai il 4y o

Oledae sl by o (6,5 5k 0 )ls 925 (5,55

oligel mils 4

odls Ay oyl a8 do)[}a f‘ Y ‘)’L,o a2 5 gl s 6 5 SsE e i S| « o go»
O ‘;q):.:,.fl 3! o.)LaJ....J ‘;\;550 5 .lil as qtgl u-" 19 dagio 5L, gl 5 el
°5f'5 R Pl )‘%5-"':'4 Q‘)’ﬁ*"—‘u’*—’b P S HCEE IR T AV @ Swl gl
sl S 0 el il B I8 ROW A IC
g Slos S ST oY Solol «(5599:S5 Hlas
‘o‘jsf‘dw‘o slagaly s &8 6,500 sl JLasl g bLS )l suids gl 5ol eSS adlho
Magealy 2 ol e Sl 2240l 2 (612 w30 aoliy 5o

(sl (G5l BB pj Sigm Bk Lles Lo gl slas sl 5 gl 5o
http:/Aww.oecd-ilibrary.org/ a0 5o (83555 sl ealis ol (NCTM) oL,
education/are-there-differences-in-how- 4 a8 Sl ol ol S Glsiea, s‘lj) 2
advantaged-and-disadvantaged- WS oe ST ligal il (2 ‘5/“5 b i)
students-use-the-internet_5jlv8zqéhw43-en  * ool polae J"—“‘. 5 2l ol ¥ (el
Slol3 e bl sy dmis oges diges gl ROWHINRC R

WWAZ Sl 7 8o Iz 5 o 599 /03y (o35l 0 A



3 oo ylois oly
e YLg aS Sl ,_',.g]
Ll sbeasdo
Slxal )3 6yl e
2 2l e
Gl slis
O SIS do).S 29
210397 5 Ol igel il
3,19 10,95 31328 g

Ay ow yewd Sy | G
Sloas 431y ¢ 15!
PO IS

LS‘J‘? L ool Axwgd
2oy 4l oy

Ol 50,00 rilalss g i wgo g oolgls Coles
6olatdl - claizl gloog 3 o jo briuleas
PSS c)‘.b)P)J).& U‘)?"JU’“‘"Q ] &_’BLQ.A.Q calises
Sl gl as Wiyl bled ias e dl,8 gl
PETEE PV SRVEL LI PR VL SWRV-Tiry VO] [Ny J0
S dayl asl Jleal a5 asas oo s b
S w5 5 6 il 5l 60 5,8 el by auilgsy
52 9> (5l lge a5 AL cpl cde wuls ol
dglio 55 )10 155 e g0l 23l ilss 5 (005
Olygalsile a5 el pl (o)155 cpl 40 axg5 LIl
sl Gl So 4 Glsy93 0 g 0y S n s
SIS (o0 (2PN

L olbe,siS joas ol ools s aslllas -yl
5% e Oligel IS (ol 9 bawgie slasel o
G rnS oo ,d o a5 1 sl s 4 s
YU aelyo b (lo )9S ar,55 Lol .l oo B
Olygelsidls plad ST s> aS sl ol 5 S 55
e bl andls ol 4 ol v yiws oo
oslail &5l 3l 650k sl (2Uls5 50 6l RU
[ 0dsmolazo oy .5l 8g2g ¢ JLizms 15l 5
odlez b slacaaMe o p Vb as cul oyl
s 3 ol onl o (6 i in pp—w 535S )0
O S5 05 g Jlems lis o s
oI B o)l )55yt g 0,95 » olgel s
BYCRTRTST L ¥e CRUH MRS [P (¥ P VI SWR
s AL dayl 6l b 0ols dnwgs

432051 sy daliys 5 (§38l9iSS adljo
Wt b,

‘b_“"}’ °u%@bli)(r~4)d 4_013).!).)

@aal> 5 a4 yie (UMD <ULl ook, agslosi>
oolaiul (glys ¢S50 5 p2 4 Lo o dia 90 Olsedy
cnl g load i3S L wax (slags3lesS
Ol gliros o az slasislesss pg—asa

e Mo 1Y Sad Ip)lez 5 (oo B33 o3l Ubigel A,

S8 0os g Jie )0 gmalS 3l g0l 2l ooli il
Olis 0aiS S i sl ygiS o o QU] b,

...\.Qbu;o
Step 1a
Look at numbers and formulas with a mathematical eye
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1b
How can you represent the datal
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1b. How can you represent the data?
What can you observe now?
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MVl is an engine for reasoning and
arguing: abductions

Discovering in
mathematics and
sciences is often based
on a cognitive
mechanism studied
the first time by C.S.
Peirce: abduction
(= production of
hypotheses

=C>A)

C.5. Peirce, 1839-1914
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on the threshold of the third millennium

-

FONDU =
FTRUTTURAL
= ol B worsen =

= Con IEurops, mvestame el vostra Puturs =

WWAZ Sl 7 8o Iz 5 o 599 /03y (o35l 0

\Y



\Y

g 5939 3

1. The Italian Assessment System (SNV: Servizio
Nazionale di Valutazione)

2. National Evaluation Institute for the School System
(INVALSI): http:/Aww.invalsi.it/invalsi/index.php.
3. e-learning

Lo

1. Arzarello, F.; Garuti & Ricci. (2015).

2. Boaler, J., & Staples, M. (2008). Creating
mathematical futures through an equitable teaching
approach: The case of Railside School. Teachers
College Record, 110(3), 608-645.

3. Golafshani, N. (2015). Iranian Teachers’ Professed
Beliefs about Mathematics Education and the
Efficacy on their Practice. Middle Eastern & African
Journal of Educational Research, 17, pp. 4-21.

4. Silver, E. (2009). Cross-national comparisons of
mathematics curriculum materials: what might we
learn? ZDM Mathematics Education; 41:827-832.

5. Stein, M. K., & Lane, S. (1996). Instructional tasks
and the development of student capacity to think
and reason: An analysis of the relationship between
teaching and learning in a reform.

6. Tarr,J. E., Reys, R. E., Reys, B. J., Chavez, O., Shih,
J., & Osterlind, S. J. (2008). The impact of middle-
grades mathematics curricula and the classroom
learning environment on student achievement.
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1. Making Connections
2. Concrete experience
3. Language

4. Pictures

5. Symbols

6. Assimilation

7. Accommodation

8. Schema

9. Pictogram

10. Liebeck
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11. How children Learn Mathematics

12. Turner and Mc Cull

ogh

13. Home as a context for Numeracy

14, Street

15. Parents

16. Merttens and Vass
17. Family Numeracy

18. Carruthers and Worthington

19. Bridging the gap between home and school mathematics
20. Involving parents and families

21. Informal calculation methods

22. Adhocorithm
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23. Carruthers and Worthington

24. Empty number line

25. Division by hoc addition

26. Nunes
27. Amberose

28. Children’s invention of multidigit multiplication and division algorithms
29. Baroody and Dowker
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